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The problem of determining the slow viscous flow of a fluid between two 
arbitrarily closed surfaces is formulated exactly as a system of linear Fredholm 
integral equations of the second kind for a distribution of Stresslets over the two 
closed surfaces plus a pair of singularities (Stokeslet and Rotlet) located outside of 
the flow region, singularities with strengths depending linearly upon the unknown 
density of the surface Stresslets. Using an analysis similar to the one developed by 
Ladyzhenskaya to study the exterior and interior Stokes’ flow bounded by a single 
closed surface, we show that the integral equation proposed here to solve the 
Stokes’ flow between two arbitrarily closed surfaces possesses a unique continuous 
solution when the boundaries are Lyapunov surfaces and the velocity data on the 
boundary surfaces are continuous. Based upon the above results we develop a 
possible mathematical model for the flow of the cerebrospinal fluid through the 
subarchnoid spaces, passing out over the surface of the brain. 0 1989 Academic Press, 
Inc. 
1. INTRODUCTION 
We consider the flow of an incompressible viscous fluid between two 
arbitrarily closed Lyapunov surfaces S and S’ at low Reynolds number. 
Under this condition, the governing equations for the fluid velocity 
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2 POWER AND MIRANDA 
V = (VI, V,, V,) and pressure P can be approximated by the Stokes 
equations 
a’_ apt4 
ax, ax, axj ’ 
J 3 
aw.9 = o 
axj 
(1.1) 
where Einstein’s summation convention for repeated indices has been used; 
here x = (x,, x2, x3) E 8 and D is the three-dimensional bounded domain 
with S as the interior boundary and S’ as the exterior boundary. LI, is the 
bounded domain interior to S and Sz, the unbounded domain exterior to 
S’, as shown in Fig. 1. 
The fluid velocity V must satisfy the following boundary conditions at 
the surfaces S and S’ : 
vj(x) = aj(x), for all x E S, (1.3) 
vj(x) = bj(x), for all x E S’, (1.4) 
where the given continuous fields a and b cannot be arbitrary. Since V has 
to be a solenoidal vector field in 9, then 
I a Vjdx= j n axj Vi Nj dS = 0, SUS’ 
so that a necessary condition for our problem to have a solution in !2 is 
that 
j ai(B)N,(y)dsL.=J bj(Y)Nj(Y)dsY. (1.5) 
s s 
FIG. 1. Definition sketch. 
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Here the unit normal N= (N,, N,, N3) in (1.5) is outwardly directed at 
points of S and S’. 
It should be noted that we allow for the possibility of some amount of 
fluid to come to Q from Q, across S and the same amount of fluid to leave 
Sz across S’ into 0, or conversely, in other words, the surfaces S and S’ are 
not necessarily non-permeable, this being of interest for the application 
considered in the final section. 
The analog of Green’s first identity corresponding to this problem, which 
is valid for any smooth solenoidal vector field U and scalar q, is 
here N denotes the unit normal at points of S or S’ directed outwardly 
from the domains bounded by these surfaces, and 
is the so-called stress tensor corresponding to the flow (U, q). Formula 
(1.6) applied to U = V and q = P gives 
= j T,(V) V,N, dS- j T,(V) V,N, dS. (1.7) 
S s 
It is clear from formula (1.7) that the boundary-value problem defined 
by Eq. (1.1)( 1.4) cannot have more than one solution. In fact, it follows 
from (1.7) that if V corresponds to homogeneous boundary conditions at S 
and S’, then 
25+%=0 
n axj 
(j, n = 1, 2, 3). (l-8) 
The system (1.8) has six linearly independent solutions, V= yrk 
(k = 1, 2, . ..) 6), the vector vk giving the motion of the fluid as a rigid body, 
i.e., 
Wk = t6,k, 62k, bk) w = L2, 3), 
w4= (0, x3, -x2), w5=(-x3,0,x1), w6= (x2, --XI, 0). 
(1.9) 
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Therefore the only fluid motion compatible with the homogeneous boun- 
dary conditions at S and S’ is the trivial solution V = 0. 
It is well known that if we want to solve the first boundary-value 
problem (given velocity) for the bounded domain interior to S’, Q uQ,, 
then the solution is found in terms of the following Stokes double-layer 
surface potentials with their corresponding pressure (see [3, p. 581): 
Vi(X) = Wj(X, $) = 1 Kjn(x3 Y) dfl( Y) dsYy 
s 
(1.10) 
P(x) = v(x, 4) = j Ux, Y) 4,(y) dsY; 
s 
here 
K, = 2 txj- Yj)( xn - Ynh - Y/J N/c(Y) 
In 47t Ix-Y15 
and 
1 a (X,-Y,) K&G Y) =-- 
27~ ax, lx-y13 N/~(Y). (1.12) 
The unknown density 4 of (1.10) is given by the unique solution of the 
following second kind of Fredholm integral equation 
~dj(l)+jsK,(i., Y)dn(Y)dSY=bj(Ah forall AES’, (1.13) 
with bj as the boundary value of Vj at the surface S’, which has to satisfy 




since V has to be a solenoidal vector field in Q u Q,. Condition (1.14) is 
not only a necessary condition, but it is also a sufficient condition for the 
mentioned interior problem to have a solution. 
Now, if we attempt to express the solution (V, P) of problem (1.1 k( 1.4) 
solely in terms of the following Stokes double-layer surface potentials with 
their corresponding pressure, 
vi(x)= i,“, K,(x, Y) C&(Y) dsY, 
(1.15) 
p(x)=js”s K(x, Y) MY) dsYv 
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then the Fredholm integral equations (1.16) of the second kind for the 
unknown density I$ resulting from the boundary conditions (1.3) and (1.4), 
have a solution if and only if the non-homogeneous term is orthogonal to 
each of the eigenfunctions of the adjoint integral operator, as we will prove 
in the next section. This situation is similar to the one encountered in 
classical two-and three-dimensional potential theory when expressing the 
solution of Dirichlet’s problem for a multi-connected bounded two-dimen- 
sional region [4, p. 1451 or the analogous three-dimensional case of a 
bounded region with several inner boundaries and one outer boundary 
[2, case J, p. 2081 by means of a double-layer potential alone. 
In Section 3, we shall develop a second kind of Fredholm integral 
equation solution for the boundary-value problem defined by 
Eqs. (1.1 k( 1.4), which is uniquely solvable for an arbitrary non- 
homogeneous term, and in particular for a and b satisfying (1.5). 
Finally, Section 4 is devoted to the development of a possible 
mathematical model on the basis of the above results, for the flow of the 
cerebrospinal fluid through the subarachnoid spaces, passing out over the 
surface of the brain. This model enables us to understand some interesting 
features concerning the geometry and posititioning of the brain, such as the 
brain bouyancy (the brain density being different from the cerebrospinal 
fluid density), the conservation of the brain shape in spite of its jelly-like 
consistency, and the invariance of the overall brain position within the 
cranial cavity during rigid body motions of the skull. 
2. NECESSARY AND SUFFICIENT CONDITIONS 
FOR THE SOLVABILITY OF EQUATION (1.16) 
In order to prove that integral Eqs. (1.16) do not have a solution for an 
arbitrary non-homogeneous term, we will use an analysis similar to the 
one used by [3] in her solution for the exterior and interior Stokes’ flow 
bounded by a single closed surface. 
Let us consider the homogeneous form of (1.16): 
+ j- f&(4 Y) CC(Y) dsy =O when AES, (2.la) 
s 
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; 4;i”(4 + s, Kjn(A Y) 43~) dsY 
+ S Kjn(A Y) 4:(Y) dsY=O when 1~s. (2.lb) 
s 
It will be verified that the vector functions $” defined by $“(A) = $(A) 
for any k = 1, 2, . . . . 6 when ;1 E S and O”(1) = 0 when I E S’ satisfy 
Eqs. (2.la) and (2.lb). 
In fact, each vk given by (1.9) is a solution of 
for any k = 1, 2, . . . . 6 when I E S, 
and every double-layer potential with rigid body motion densities carried 
by any closed surface vanishes identically in the region exterior to the 
density carrying surface, so that 
I Kjn(k Y) ‘/‘t(Y) dsY=‘A 
for any k = 1, 2, . . . . 6 when ;1 E S’. 
s 
Therefore (2.la) and (2.lb) have at least six linearly independent solutions. 
Besides, by virtue of Fredholm’s theorems, the vector solutions of (2.la) 
and (2.lb) form a vector space of linite dimension n, so that n > 6. Also, we 
can say that a necessary and sufficient condition for the solvability of (1.16) 
is that the non-homogeneous term f(x) (where f(x) = a(x) when x E S and 
f(x) = b(x) when XE S’) be orthogonal to all the eigenfunctions w  of the 
homogeneous adjoint integral equations 
+J Kn&Y,~)ICln(Y)dSy=O when JES’, 
s 
+ 
s Knj(Yv 2) $‘n(Y)dsY=O when 1~s. S’ 
That is to say, ( 1.16) will have a solution if and only if 
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These eigenfunctions w  form a space of dimension n. We now will show 
that the dimension n of the vector space formed by the eigenfunctions w  is 
exactly equal to six. For that let us consider the single-layer potentials, 
v:(x) = $,,,, J u”(x> Y) +,(Y) dsy, 
(2.4a) 
with their corresponding pressures, 
q”h Y) Icln( Y 1 d&s (2.4b) 
where the density v is any solution of (2.2a) and (2.2b) and 
(2.5) 
1 CL- YJ 
P”(x, y)=- 
4n Ix- y13. 
Equations (2.5) explicitly describe the fundamental singular solution of 
(l.l)-( 1.2) known as “Stokeslet.” 
Since the surface potential used in (2.4a) is continuous across S’ and S, it 
follows that (2.4a) can express a continuous velocity field at every point x 
belonging to three-dimensional space. 
On the other hand, the vector tension of (2.4a) and (2.4b) experiences a 
jump as point x crosses S or S’. The limiting value of the vector tension of 
(2.4a) and (2.4b) when a point x E 9, tends to a point 1 on the surface S 
is given by the left-hand side of Eq. (2.2a), and the limiting value of this 
tension when a point x E Q, tends to a point 1 E S is given by the left-hand 
side of Eq. (2.2b). Therefore (2.4a) and (2.4b) for every x E Q;2, represent a 
Stokes’ flow with zero vector tension at points on the surface S’ and 
vanishing asymptotic velocity at infinity. Hence (2.4a) and (2.4b) have to 
be a stagnation flow (see [3, p. 593). In the same way (2.4a) and (2.4b) for 
every x E R, give the motion of the fluid as a rigid body, V,!(x) = $f for 
k = 1, 2, . . . . 6 and XEQ,, since these flows are the only interior Stokes’ 
flows with zero tension on the surface boundary (see [3, p. 57]), and 
hence, no more than six of the V’(x) are linearly independent on Q,. 
Now we can see that (2.4a) and (2.4b) for every x E 52 represent a Stokes’ 
flow with the following boundary conditions at the surfaces S and S’, or 
any linear combination of them: 
y!(x) = 4qx), for all x E S, k = 1, 2, . . . . 6 (2.6a) 
8 POWERANDMIRANDA 
and 
V,‘(x) = 0, for all x E S’. (2.6b) 
The previous statement comes from the fact that (2.4a) is a continuous 
velocity field across S and S’. Therefore, it is clear from the linearity of 
Eqs. (1.1) and (1.2) the uniqueness of the first boundary-value problem 
considered here for the region Q that we have no more than six linearly 
independent Stokes’ flows (V’, P’) in the bounded domain Sz, flow fields 
which can be found by solving the following first kind of Fredholm integral 
equations for the unknown density w, 
+ i q4 Y) $“(Y) dSY = 0 when AES’, (2.7a) S’ 
+ I s’ $(A Y) #,A Y) dsy = v@), 
for k=l,2 ,..., 6whenlES. (2.7b) 
The linear system (2.7a) and (2.7b) is uniquely solvable (see Appendix), 
and since there are six linearly independent non-homogeneous terms 
WI, ..*, @, we conclude that there are exactly six independent solutions w  of 
(2.7a) and (2.7b). On the other hand, every solution v of (2.2a) and (2.2b) 
is also a solution of (2.7a) and (2.7b) so that (2.2a) and (2.2b) have at most 
six linearly independent solutions, and in fact it has exactly six, since we 
have already noted that n > 6. 
3. PROPOSED FORM OF THE SOLUTION 
In this section, we shall develop a second kind of Fredholm integral 
equation solution for the boundary-value problem defined in 52 by 
Eqs. (1.1 b( 1.4). In order to do this, we will use the theory of 
hydrodynamical potentials presented in Ladyzhenskaya’s book 
[3, Chap. 33 and developed by [6]. 
Let us represent the flow field (V, P) as the sum of a double-layer surface 
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potential with a density carrying surface SW S’ plus a pair of singularities 
located at the origin chosen to be inside 52,: 
vAx)=js,,s Kjn(x, Y) 4n( Y) dsY 
p(x)=js”s, K,(x, y) 4,(y) W+& y 9 [ 1 
(3.1) 
where we have added to the double-layer potentials a pair of singularities, 
located at the origin. One is a Stokeslet whose strength is given by the con- 
stant vector a, and the other singularity is the singular solution of Stokes’ 
non-homogeneous equation with V x w  6(x) as the forcing function known 
as “Rotlet” whose strength is given by the constant vector w. It will be 
convenient for later use to choose a and w  depending linearly upon the 
density 4 of the double-layer potential in the following manner: 
u, = s ~JY) MY) W, j= 1,2, 3 (3.2) SUS’ 
and 
5= 5 UY) IC/‘,+YYWSY, j= 1, 2, 3 SUS’ (3.3) 
It is well known that a Stokeslet located at the origin yields a total force 
equal to its stength and zero torque on any closed surface enclosing the 
origin, and a Rotlet located at the origin yields a torque equal to its 
strength and zero total force on such a surface. Therefore, since it is easy to 
show that the hydrodynamic double-layer potential with a vector tension 
having well-defined limiting values at points of S and S’ yields zero total 
force and torque on S and S’, it can be concluded then that in the case 
when the vector tension corresponding to the flow field (V, P) defined by 
(3.1) has a well-defined limiting value at points of S and S’, the total force 
and torque resulting from this flow field on the surface S are equal to (-a) 
and (-w), respectively, and total force and torque on the surface S’ are 
equal to a and w. 
The Fredholm integral Eqs. (3.4a) and (3.4b) of the second kind for the 
unknown density $ resulting from the boundary conditions (1.3) and (1.4) 
are 
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bj(i)=~4j(A)+~sys, Kjn(n9 Y) 4n(YJdsY 
+&[$+@$]+&[+I when IES (3.4a) 
and 
+&[~+~]+&[E~~k~~“] when AES, (3.4b) 
where Rj, is the distance from the origin to the point 2 at the surface S 
or S’. 
According to Fredholm’s alternative, in order to prove the existence and 
uniqueness of solutions of integral Eqs. (3.4a) and (3.4b) it suffices to 
establish that the following homogeneous system (3Sa) and (3.5b) for 0” 
admits only the trivial solution in the space of continuous functions, 
Kjn(k Y) IX(Y) dsY 
+&[~+G.?$]+&[~]=o when ~ESI (3.5a) 
and 
+Gi R,+ 
’ [aT a~]+~[!k!C$]=~ when A~fj, (3.5b) 
where 
a: = 
i 43~) $3~) dsy, 
j= 1, 2, 3 (3.6) 
sus 
w;= I sum 4%~) IL’,+3(~)ds~, j= 1,2, 3. (3.7) 
Equations (3.5a) and (3.5b) show that the pair of vector fields V2, V3 
defined by (3.8) and (3.9) below, which are Stokes velocity fields in 52, 
coincide on S and s’; 
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V'(x) = 
[ 
f,",, Kjn(x9 Y) 4Z( Y) dsY 1 ej9 
v’tx)= +L($+y)+p!$k)]e,- (3.9) 
From the uniqueness of solutions of the first boundary-value problems 
defined by Eqs. (l.l)-( 1.4), it follows that V2 and V3 are identically equal 
in Q. But since V2 yields zero total force and torque on S or S’ when the 
vector tension has well-defined limiting values at points of S and S’ and V3 
yields a total force and torque different from zero on S or S’, it can be 
concluded that both of them are equal to zero on Q, so that 
J 
Kjtf(x, Y) #EC VI dsY = O? for all xEs2 (3.10) 
svs 
and 
$-(%+y)+$-(*)=O, forall xES2. (3.11) 
On the other hand, (3.11) implies that a Stokeslet located at the origin 
with strength equal to u” and a Rotlet also located at the origin with 
strength - w” are identically equal in s2. But since the Stokeslet yields non- 
zero total force and zero torque on S or S’ and the Rotlet yields zero total 
force and non-zero torque on S or S’, it can be concluded that 
and 
q = s d:(Y) It/‘,(Y) dSY =o, j= 1,2, 3 (3.12) SUS 
w.p = 
s d:(Y) ~j,“(Y)~Sy=O? 
j= 1,2, 3. (3.13) 
SUS’ 
Therefore Eqs. (3Sa) and (3Sb) reduce to Eqs. (2.la) and (2.lb), which 
have six linearly independent vector solutions known as g”(A) = $(,I) for 
any k = 1, 2, . . . . 6 when 1 E S and $“(A) = 0 when A E S’. Hence, any solution 
of (3Sa) and (3Sb) is necessarily of the form +?(A) = x2= r C, yr,k(,I), where 
c, , c2, *.., C, are some real constants when 1 E S and 4; = 0 when A E S’. 
Equations (3.12) and (3.13) imply for j= 1, 2, 3 that 






The above linear algebraic system for C,, CZ, . . . . C6 has only the trivial 
solution, implying that $‘(A) = 0 for every I E S u S’, because the deter- 
minant of (3.14) has 
as an element in the Lth row and qth column, and is, thus, the Gram 
determinant for vector functions WI, w*, . . . . $ which has a non-vanishing 
value due to the linear independency of vi, \v*, . . . . $. 
Summarizing, we have found the solution of the boundary-value 
problem defined by Eqs. (1.1 k( 1.4) in the region Sz, by means of a dis- 
tribution of Stresslets over the surfaces Su S’ plus a pair of singularities 
(Stokeslet and Rotlet) located in the interior of S whose stengths depend 
linearly upon the unknown density of the surface Stresslets, density which 
is found by solving a system of linear Fredholm integral equations of the 
second kind. 
4. MATHEMATICAL MODEL FOR THE BRAIN FLUID DYNAMICS 
In the central nervous system, there is a tissue fluid known as 
cerebrospinal fluid. This fluid is a crystal-clear, colorless, almost protein 
free solution which looks like water and is found in motion at the interior 
(ventricular system) and the exterior (subarachnoid space) of the brain and 
spinal cord. It also serves as a cushion between the central nervous system 
and the surrounding bones. The volume of cerebrospinal fluid in the 
average adult is estimated to be about 135 ml (75 to 150 ml), of which 
roughly 80 ml is in the ventricles and 55 ml is in the subarchnoid space. 
Daily production of the fluid is roughly estimated at about 300 ml, giving a 
very low flow discharge. The 1400-g brain has a net weight of about 50 to 
100 g while suspended in the cerebrospinal fluid. The specific gravities of 
the brain and the cerebrospinal fluid are 1.040 and 1.007, respectively. The 
cerebrospinal fluid is continuously formed at the choroid plexus in the 
ventricles as a secretion produced out of blood coming from the pia 
vascular system. 
The subarchnoid space is the interval between the archnoid matter and 
pia matter and therefore is present where these meninges envelop the brain 
and spinal cord, which have a characteristic thickness of the order of one 
millimeter. This space is filled with cerebrospinal fluid and contains the 
large blood vessels of the brain. 
The cerebrospinal fluid leaves the fourth ventricle by way of the certain 
foramina (i.e., three channels leading from the fourth ventricle to the 
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FIG. 2. Illustration of the circulation of the cerebrospinal fluid. 
cisterna magna, a large subarchnoid space over the medula and below the 
posterior border of the cerebellum), into the subarchnoid space where, after 
passing out over the surface of the brain, moving in a very slow manner 
with characteristic Reynolds number much smaller than one, it enters the 
blood in the dural sinuses located at the dura matter. The drainage out of 
the subarchnoid space is considered through the arachnoid villi which are 
essentially herniations of the arachnoid into the dura and through this into 
the larger blood sinuses enclosed in the dura. (For more details on the 
neurobiologic aspect see [S]; Fig. 2). 
The main problems that have concerned physiologists in this field have 
been (see [l, p. 7181) 
(a) the nature of the fluid and the mechanism of its formation, 
(b) the path followed during circulation, 
(c) the mechanism of absorption of the fluid, 
(d) the relationship of the cerebrospinal fluid to the blood, and 
(e) the relationship of the cerebrospinal fluid to the nervous tissue. 
409/137/l-2 
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In this section, we propose a mathematical model for the flow of the 
cerebrospinal fluid in the subarchnoid space. This model is based on the 
solution found in the previous section for the flow between two closed sur- 
faces. To the previously found flow solution we have added two terms. The 
first one represents the generation of flow at the ventricles by means of a 
finite number N of potential sources located in G?,, the region which models 
the space occupied by the brain. These sources are known to be solutions 
of the Stokes’ system of equations, with the characteristic of being 
dynamically neutral. The second term represents any possible motion of the 
enclosing system (modelling the craneal bone) as a rigid body. Thus, our 
proposed flow solution has the following form for the velocity field, 
+i!-(!3+y)+.L(y) 
(4.1) 
for all x E Q (here Q is the region which models the subarachnoid space). 
In (4.1) OL, and w, are given by Eq. (3.6) and (3.7), respectively, mJ4n 
represents the flux of the Lth potential source located at X~E Sz, 
(Lx 1, 2, . ..) n) which is controlled by the brain, and R,= Ix - xEl. 
In what follows, Q will designate the total flux; i.e., 
Q=& f mL. 
L=l 
In the representation (4.1), $ stands for an unknown stresslet density 
spread over S u S’, to be determined from (3.8a) and (3.8b) with 
where P” = 1 for AE S!&:,E s’, 6”‘=0 elsewhere, m = 1, 2, . . . . M with 
RL(A) = I;1 - xL 1; and 
where aF= 1 for AES;ES, JF=O elsewhere, n= 1, 2, 3. 
Here ST” stands for a typical arachnoid villi location, i.e., surfaces where 
the flow leaves the subarachnoid space, and we assume that there are M of 
them. S; stands for a typical foramina location, i.e., surfaces where the flow 
CREEPING FLOW 15 
enters into the subarachnoid space. A:” represents the area of the mth 
arachnoid villi surface and A; the area of the n th foramina channel. 
For simplicity, we have assumed that the fluid enters and leaves the sub- 
arachnoid space in a uniform manner over each surface St and S!J!. Under 
this assumption, the functions uj and b, are piecewise continuous functions, 
but Fredholm’s theory still holds for such data (see [7] or [4]). 
It can be observed from representation (4.1) that the brain has three 
possible ways of controlling the flow in the subarachnoid space: first, by 
controlling the total flux Q; second, for a given Q, by controlling the 
individual fluxes mL of each potential source; and third, by changing the 
entrance and exit velocities by means of a corresponding change in the 
areas A;, A:” in a valvelike type of mechanism. This control results from 
the change in density I+$ corresponding to a change in the data aj, bj for 
integral Eqs. (38a) and (3.8b), which in turn change the total force and 
torque upon the brain surface. 
Under normal conditions, the brain selects an operating state of flow 
such that the total torque is zero (w =0) and the total force equals the 
submerged weight of the brain. Under extraordinary dynamical conditions, 
such as a punch on the head, the brain uses its controlling capability in 
order to change the total force and torque in such a manner as to tend to 
restore the normal equilibrium position of the brain inside the craneal 
cavity. 
APPENDIX: UNIQUENESS OF SOLUTIONS OF SYSTEM (2.7at(2.7b) 
Consider the homogeneous system of integral equations associated with 
(2.7a) and (2.7b): 
I q(A Y) be(Y) dSY = 02 for all 2 E S’ u S. (AlI SUS’ 
By the uniqueness of solutions of the boundary-value problem defined in Sz 
by (1.1 k( 1.4), it follows that the single-layer potential V;(x) defined by 
(2.4a) with density’given by any possible continuous solution w” of (Al) 
must vanish identically in the domain L2. On the other hand, from the 
continuity of V!(x), as point x crosses the boundary surfaces S and s’, it 
follows that this single-layer potential vanishes identically everywhere. 
Therefore, T,(V’(x)) also vanishes identically everywhere, and in 
particular it is true that 
16 
and 
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(A3) 
From (A2) and (A3) we directly conclude that v”(A) = 0 when A E S’. In 
a similar way we can show that w’(L) = 0 when 1 E S. Therefore, we have 
established that (Al) admits only the trivial solution. 
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